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Pascal’s Triangle 

a) Describe the history of Pascal’s Triangle. When was it first studied? Who was Pascal? 

Website: http://pages.csam.montclair.edu/~kazimir/history.html  

Even though the triangle was named after Blaise Pascal in the 17th century, other 

mathematicians knew about it before him. It appears that it was discovered by both Persians 

and the Chinese during the 11th century. Chinese mathematician Chia Hsien’s work, which no 

longer exists, showed that he was “using the triangle to extract the square and cube roots of 

numbers”. After his discovery, other mathematicians continued on this topic, and one revealed a 

visual representation in 1303. Blaise Pascale was a French mathematician, physicist and 

philosopher, born in 1623 and died in 1662. What Pascal did was develop many of the triangle’s 

properties and applications.  

 

b) Describe at least three interesting number patterns and how they are related to the 

triangle.  

Website: http://www.mathsisfun.com/pascals-triangle.html  

One interesting pattern is the horizontal sums of the triangle. The pattern goes as following: 

1,2,4,8,16,32,64,128… These are the powers of 2. The first would be 20, the second 21, and so on. 

So, the pattern’s rule is 2n-1, n being the row number.  

Another pattern is that the exponents of 

11 appear in the rows of the triangles. It is 

noteworthy that by the 6th exponent, the 

numbers overlap each other, seeming 

visually different from the top of the 

pyramid. Regardless of this, the pattern is 

still there. 

 

One last pattern is that of triangular numbers. These 

numbers, which when composed of dots form a 

triangular shape, are found on the 3rd diagonal of the 

triangle. The rule to calculate any triangular number is 

expressed as Xn = n(n+1)/2. This is derived from 

arranging the dots into a rectangular form and 

observing the height and length of the shapes. 

http://pages.csam.montclair.edu/~kazimir/history.html
http://www.mathsisfun.com/pascals-triangle.html
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c) Research Sierpinski’s triangle – what is it and how is it related to Pascal’s Triangle? 

Website: http://en.wikipedia.org/wiki/Sierpinski_triangle  

Sierpinski’s triangle is a fractal where one shrinks an equilateral triangle to ½ its original size, and 

then positions 3 of the shrunken copies so that they are touching each triangle touches the two 

other at a corner. The iteration is then repeated 

for each of the smaller triangles in every step. 

This is related to Pascal’s triangle since taking a 

Pascal’s triangle with 2^n rows, coloring the 

even numbers white, and coloring the odd 

numbers black, yields an approximation of the 

Sierpinski triangle. Therefore, as n approaches 

infinity on this described model, the Pascal’s 

triangle looks more and more like the Sierpinski 

triangle. 

 

 

 

d) Describe at least two applications of Pascal’s Triangle. 

Website: http://www.mathsisfun.com/pascals-triangle.html  

One application of Pascal’s 

Triangle is in relation to Heads or 

Tails. As can be seen in the table 

on the left, the patterns of 

Pascal’s triangle yield the number 

of different outcomes for getting 

different combinations of heads 

and tails. This can be used in 

order to calculate the probability 

of an outcome based on the 

number of tosses of the coin. 

Another interesting use of 

Pascal’s triangle is in figuring out combinations of objects. In order to do this, one would 

consider “In how many ways can you choose X number of objects out of Y number of total 

objects?” Using the triangle, the answer would be to go down to row Y (considering the first row 

is row 0) and then look X places along the row for the value of the answer. 

 

http://en.wikipedia.org/wiki/Sierpinski_triangle
http://www.mathsisfun.com/pascals-triangle.html


Bartu Kaleagasi 

IB Math SL / Tylke 

28.12.12 

 

e) What is the notation for numbers in Pascal’s triangle? Can you explain what it means? 

Website: http://www.mathsisfun.com/pascals-triangle.html  

The notation used for the value of a number in Pascal’s triangle is 

commonly referred to as “n choose k” or “n choose r”. As can be 

seen on the right, it is represented in parentheses with n on the 

top and k on the bottom. It can also be written as C(n,k), nCk or nCk. 

By using this formula which utilizes factorials, one can figure out the value of any spot in Pascal’s 

triangle without having to calculate numbers above it. The n in the formula represents the row, 

whereas the k represents the number of the term. This is all based on the presumption that the 

top row is row 0 and the very left column represents the 0th term of each row. 
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Pascal’s Triangle – Binomial Expansion 

Introduction 

A binomial can generally be expressed as (a + b)x. In algebra, the method used to solve such 

binomials, commonly named FOIL, is to multiply out the parentheses. 

Ex: (a + b)2 = a2 + 2ab + b2 

In this instance, the numerical coefficient of a2 is 1, that of ab is 2, and that of b2 is 1. 

In Pascal’s Triangle 

Given this set of coefficients, 1-2-1, it is apparent that this relates to Pascal’s Triangle, where 

row 2 is composed of the numbers 1-2-1. 

Therefore, it can be said that, when expanded: coefficients of (a + b)x = numbers of row x. 

(a + b)0 =               1                                    =               row 0 of Pascal’s triangle 
(a + b)1 =                      1a + 1 b                              =               row 1 of Pascal’s triangle 
(a + b)2 =                1a2 + 2ab + 1b2                                  =               row 2 of Pascal’s triangle  
(a + b)3 =         1a3 + 3a2b + 3ab2 + 1b3                        =               row 3 of Pascal’s triangle 
(a + b)4 =   1a4 + 4a3b + 6a2b2 + 4ab3 + 1b4             =               row 4 of Pascal’s triangle 
 
These coefficients are called binomial 
coefficients. 
It is noteworthy that there is symmetry in 
the set of numbers, just as in Pascal’s 
triangle, making it very useful in expanding 
certain binomials. 
 

 
Binomial Theory 
 
As interesting as this property is, there are, of course, cases where the exponent of a 
binomial is too large for Pascal’s Triangle to be a convenient tool for expansion.  
A way of getting around this is through the Binomial Theorem, which states that: 
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The aforementioned Binomial Theorem is then put into this form: 

 

Keep in mind that the definition of      

 

In this model, n is the exponent of the binomial, and a and b are the two terms within the 

binomial before it is expanded. 

Now that we have this formula, this can be used in finding the solution to binomial 

coefficients without multiplying them out. This is especially useful due to the fact that there 

is no restriction to how large the exponent x in (a + b)x  can be, whereas by using the Pascal’s 

Triangle, figuring out each value for larger numbers would take too long. 

Application of Theory 

Let us prove this formula now, by using it to show: (a + b)4  = 1a4 + 4a3b + 6a2b2 + 4ab3 + 1b4 

Step 1: Substitute the values into the new binomial formula. The factorials given all derive 

from newfound knowledge that

         
4 4 3 2 2 1 3 44! 4! 4! 4! 4!

( ) ( )( ) ( )( )( ) ( )( )( ) ( )( )( ) ( )( )
0! 4 0 ! 1! 4 1 ! 2! 4 2 ! 3! 4 3 ! 4! 4 4 !

a b a a b a b a b b     
    

 

Step 2: Solve the factorials, leaving behind different fractions for the value of each binomial 

coefficient 

 

Step 3: Simplify fractions and remove parentheses. This indeed yields what we were aiming 

to prove 

n

r

 
 
 

n

r

 
 
 

4 4 3 2 2 3 424 24 24 24 24
( ) ( )( ) ( )( )( ) ( )( )( ) ( )( )( ) ( )( )

24 6 4 6 24
a b a a b a b a b b     

4 4 3 2 2 3 4( ) 1 4 6 4 1a b a a b a b ab b     
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Therefore, we have shown that (a + b)4  = 1a4 + 4a3b + 6a2b2 + 4ab3 + 1b4. This proves the 

new way of solving binomials through expansion, which is both more advanced and has a 

larger scope of application than Pascal’s Triangle.  

 

The Factorial of Zero 

The most common mistake that students and others make when using this formula, is the 

improper use of 0! 

The presumption made by many is that the factorial of zero would be 0 x 1, as it is given that 

the factorial of a number is a product of the numbers that lead up to it. This is a problem 

because in the equation above, it would lead to attempting to divide by 0, which is obviously 

not possible. 

However, this has been proven to be wrong. For a more visually appealing way of looking at 

it, we can say that the idea of a factorial is in fact used to calculate the number of different 

combinations in arranging a set of numbers.  

Number (n) Number of permutations (n!) Permutations Listed 

1 1 (1) 

2 2 (1,2) (2,1) 

3 3 (1,2,3) (1,3,2) (2,1,3) (2,3,1) (3,1,2) (3,2,1) 

 

Now, using logic, it is correct to say that an empty set of combinations can only be ordered 

in one way.  

0 1 (   ) 

 

Therefore, this shows that the factorial of zero, 0!, is in fact 1. 

-------------------------------------------------------------------------------------------------------------------------- 

Further exploration on this topic could include explanation of the structure of Pascal’s 

Triangle and mathematical proof of why it is so closely linked to binomial expansion. 
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Resources: 

http://en.wikipedia.org/wiki/Pascal's_triangle  

http://mathematics.laerd.com/maths/binomial-theorem-intro.php  

http://en.wikipedia.org/wiki/Binomial_theorem 

http://statistics.about.com/od/ProbHelpandTutorials/a/Why-Does-Zero-Factorial-Equal-

One.htm   

http://en.wikipedia.org/wiki/Pascal's_triangle
http://mathematics.laerd.com/maths/binomial-theorem-intro.php
http://en.wikipedia.org/wiki/Binomial_theorem
http://statistics.about.com/od/ProbHelpandTutorials/a/Why-Does-Zero-Factorial-Equal-One.htm
http://statistics.about.com/od/ProbHelpandTutorials/a/Why-Does-Zero-Factorial-Equal-One.htm

